
Lecture 10: Computational  
Cognitive Modeling
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course website: 
https://brendenlake.github.io/CCM-site/

Categorization, Classification, and Concepts
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• classification is a central problem in 
machine learning (what category does this 
image show?  what topic does this document 
best fit?)


• many important algorithms developed for this 
problems (e.g., decision trees, support vector 
machines, bayes classifiers, deep neural 
networks, hidden markov models, etc…)


• what algorithms best characterize how 
people learn to categorize?


• also, the goal of machine learning systems is 
to categorize things in ways that appear 
sensible to people: but what principles inform 
human categorization?  what makes a good 
category from the perspective of a person?

categorization: where human and machine learning meet

 digit recognition (MNIST)

object recognition (ImageNet)
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Categories have many functions:


• Classification - allows us to treat different 
things as the same


• Communication - we communicate using 
words that refer to more abstract ideas/
concepts


• Prediction and reasoning - we can use 
categories to make predictions about unknown 
or unseen parts of the world

what is the purpose of categorization (for humans)?

What you see: What you can then infer:
Red
Shiny
In a tree

Apple
Has seeds
Sweet
Edible
Healthy

3
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apply a prediction function to a feature representation of image to get 
the desired output:

the machine learning framework

Slide credit: L. Lazebnik 

 f(    ) = “apple” 
  f(    ) = “tomato” 
  f(    ) = “cow” 
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Training: given a training set of labeled examples {(x1,y1), …, (xN,yN)}, 
estimate the prediction function f by minimizing the prediction error 
on the training set 

Testing: apply f to a never before seen test example x and output the 
predicted value y = f(x) 

the machine learning framework

Slide credit: L. Lazebnik 

output prediction 
function 

Image 
feature 

y = f(x) 
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What is the function y = f(x) that best characterizes how people 
make categorization decisions? 

the human cognition framework

Slide credit: L. Lazebnik 

output prediction 
function 

Image 
feature 

y = f(x) 

 

x0 x2 x3 x4 x5 x6 x7
0 0 0 1 0 0 0
0 1 0 0 1 0 1
1 0 0 1 0 0 0
1 1 1 1 0 1 1

y
0
0
1
1
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the machine learning framework

Prediction 

Steps 
Training 
Labels 

Training 
Images 

Training 

Training 

Image 
Features 

Image 
Features 

Testing 

Test Image 

Learned 
model 

Learned 
model 

Slide credit: D. Hoiem and L. Lazebnik 
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the human cognition framework

Example of Builder Example of Digger 

training stimuli Some representation in terms of
psychologically meaningful features

x0 x2 x3 x4 x5 x6 x7
0 0 0 1 0 0 0
0 1 0 0 1 0 1
1 0 0 1 0 0 0
1 1 1 1 0 1 1

some REPRESENTATION
of the category

Example of Builder Example of Digger 

prediction
probe the nature

of the representation
often by designing new

stimuli

also examine aspect of the
learning (how mistakes are made,

learning rates, etc…)



• Data science: How well does a learned model generalize from the data it was trained on to a new test set? 
• Psychology: What types of generalizations do people make?  What does that reveal about how they learn?

training set (labels known) test set (labels unknown)

Slide credit: L. Lazebnik

generalization is everything!
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why not make function  y = f(x) include all possible 
generalizations and just pick the ones consistent with 
the evidence?

Slide credit: L. Lazebnik 

output prediction 
function 

Image 
feature 

y = f(x) 

 

x0 x2 x3 x4 x5 x6 x7
0 0 0 1 0 0 0
0 1 0 0 1 0 1
1 0 0 1 0 0 0
1 1 1 1 0 1 1

y
0
0
1
1



• Components of generalization error 
– Bias: how much on average does model over all training sets differ from the true 

model?
• Error due to inaccurate assumptions/simplifications made by the model

– Variance: how much models estimated from different training sets differ from each 
other

• Underfitting: model is too “simple” to represent all the relevant class characteristics
– High bias and low variance
– High training error and high test error

• Overfitting: model is too “complex” and fits irrelevant characteristics (noise) in the data
– Low bias and high variance
– Low training error and high test error

Slide credit: L. Lazebnik

generalization is everything!



E(MSE) = noise2  + bias2 + variance

See the following for explanations of bias-variance (also Bishop’s “Neural Networks” 
book):  
•http://www.inf.ed.ac.uk/teaching/courses/mlsc/Notes/Lecture4/BiasVariance.pdf

Unavoidable error Error due to 
incorrect 

assumptions

Error due to variance 
of training samples

Slide credit: D. Hoiem

bias-variance tradeoff

• If we predicted constant value on very trial the variance would be zero across different 
training sets.  However, bias would be huge because model would never predict 
training data well.

• If we perfectly fit each training set (overfit), bias goes away completely.  However, the 
variance term will be equal to the noise in the data which can be really big.

• Optimal balance to these issues is difficult but is addressed to some degree via model 
evaluation methods (see later lecture) such as cross validation and regularization.

http://www.inf.ed.ac.uk/teaching/courses/mlsc/Notes/Lecture4/BiasVariance.pdf


If totally unbiased generalization systems are incapable of

making the inductive leap to characterize the new instances,

then the power of a generalization system follows directly 
from its biases – from decisions based on criteria other than 
consistency with the training instances. Therefore, progress

toward understanding learning mechanisms depends upon

understanding the sources of, and justification for, various

biases.

Mitchell (1980)

possible biases

Domain knowledge

Intended use/goal of generalization (e.g., cost 
of being incorrect...  i.e., risk sensitive)

Knowledge about the source of training data

Biases towards simplicity/generality

Analogy with previous generalizations

an argument for the need for biases

{



p(h|x)
h 2 H

p(y � C|x) =
X

h:y2h

p(h|x)

an example in exploring 
inductive biases



What is learned will depend on 
the learners assumptions about 
the situation.


Where the data generated from 
the true concept or were they 
generated at random 
(independent of the concept?)


This map onto the notion of 
STRONG versus WEAK 
sampling

the need for biases



as data accumulates in one region of the space you start becoming more 
confident about the concept (sharper boundaries)



Tenenbaum (1999)



Tenenbaum (1999)

humans look like they expect generalizations to be more favorable 
according to the “expected size” prior… meaning they prefer some 
generalizations over others…. in other words a inductive bias.
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the machine learning framework - what are the features?

• performance often influenced by the 
nature of the input representation


• raw pixels of an image?


• histograms of intensities or other derived 
features (e.g., line orientations in local 
patches, etc…)


• GIST descriptors?


• discrete/symbolic features?  has_wings, 
can_fly, is_a_mammal

Slide credit: L. Lazebnik 
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the human cognition framework - what are the features?

Slide credit: L. Lazebnik 

the pen (Fig. 3A, ii). To construct a new character
type, first themodel samples the number of parts
k and the number of subparts ni, for each part
i = 1, ..., k, from their empirical distributions as

measured from the background set. Second, a
template for a part Si is constructed by sampling
subparts from a set of discrete primitive actions
learned from the background set (Fig. 3A, i),

such that the probability of the next action
depends on the previous. Third, parts are then
grounded as parameterized curves (splines) by
sampling the control points and scale parameters

1334 11 DECEMBER 2015 • VOL 350 ISSUE 6266 sciencemag.org SCIENCE

Fig. 3. A generative model of handwritten characters. (A) New types are generated by choosing primitive actions (color coded) from a library (i),
combining these subparts (ii) to make parts (iii), and combining parts with relations to define simple programs (iv). New tokens are generated by running
these programs (v), which are then rendered as raw data (vi). (B) Pseudocode for generating new types y and new token images I(m) for m = 1, ..., M. The
function f (·, ·) transforms a subpart sequence and start location into a trajectory.

Human parses Machine parsesHuman drawings

-505 -593 -655 -695 -723

-1794-646 -1276

Training item with model’s five best parses

Test items

 

1 2 3 4 5stroke order:

Fig. 4. Inferringmotor programs from images. Parts are distinguished
by color, with a colored dot indicating the beginning of a stroke and an
arrowhead indicating the end. (A) The top row shows the five best pro-
grams discovered for an image along with their log-probability scores
(Eq. 1). Subpart breaks are shown as black dots. For classification, each
program was refit to three new test images (left in image triplets), and
the best-fitting parse (top right) is shown with its image reconstruction
(bottom right) and classification score (log posterior predictive probability).
The correctly matching test item receives a much higher classification
score and is also more cleanly reconstructed by the best programs induced
from the training item. (B) Nine human drawings of three characters
(left) are shown with their ground truth parses (middle) and best model
parses (right).
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...

relation:
attached along

relation:
attached along

relation:
attached at start

v) exemplars

vi) raw data

iv) object
template

iii) parts

ii) sub-parts

i) primitives

A B

type level
token level

for each subpart. Last, parts are roughly positioned
to begin either independently, at the beginning, at
the end, or along previous parts, as defined by
relation Ri (Fig. 3A, iv).
Character tokens q(m) are produced by execut-

ing the parts and the relations andmodeling how
ink flows from the pen to the page. First, motor
noise is added to the control points and the scale
of the subparts to create token-level stroke tra-
jectories S(m). Second, the trajectory’s precise start
location L(m) is sampled from the schematic pro-
vided by its relationRi to previous strokes. Third,
global transformations are sampled, including
an affine warp A(m) and adaptive noise parame-
ters that ease probabilistic inference (30). Last, a
binary image I (m) is created by a stochastic ren-
dering function, lining the stroke trajectories
with grayscale ink and interpreting the pixel
values as independent Bernoulli probabilities.
Posterior inference requires searching the large

combinatorial space of programs that could have
generated a raw image I (m). Our strategy uses fast
bottom-up methods (31) to propose a range of
candidate parses. The most promising candidates
are refined by using continuous optimization

and local search, forming a discrete approxima-
tion to the posterior distribution P(y , q(m)|I (m))
(section S3). Figure 4A shows the set of discov-
ered programs for a training image I (1) and
how they are refit to different test images I (2) to
compute a classification score log P(I (2)|I (1)) (the
log posterior predictive probability), where higher
scores indicate that they are more likely to be-
long to the same class. A high score is achieved
when at least one set of parts and relations can
successfully explain both the training and the
test images, without violating the soft constraints
of the learned within-class variability model.
Figure 4B compares the model’s best-scoring
parses with the ground-truth human parses for
several characters.

Results

People, BPL, and alternative models were com-
pared side by side on five concept learning tasks
that examine different forms of generalization
from just one or a few examples (example task
Fig. 5). All behavioral experiments were run
through Amazon’s Mechanical Turk, and the ex-
perimental procedures are detailed in section S5.

The main results are summarized by Fig. 6, and
additional lesion analyses and controls are re-
ported in section S6.
One-shot classification was evaluated through

a series of within-alphabet classification tasks for
10 different alphabets. As illustrated in Fig. 1B, i,
a single image of a new character was presented,
and participants selected another example of that
same character from a set of 20 distinct char-
acters produced by a typical drawer of that alpha-
bet. Performance is shown in Fig. 6A,where chance
is 95% errors. As a baseline, themodifiedHausdorff
distance (32) was computed between centered
images, producing 38.8% errors. People were
skilled one-shot learners, achieving an average
error rate of 4.5% (N = 40). BPL showed a similar
error rate of 3.3%, achieving better performance
than adeep convolutional network (convnet; 13.5%
errors) and the HDmodel (34.8%)—each adapted
from deep learning methods that have performed
well on a range of computer vision tasks. A deep
Siamese convolutional network optimized for this
one-shot learning task achieved 8.0% errors (33),
still about twice as high as humans or ourmodel.
BPL’s advantage points to the benefits ofmodeling
theunderlying causal process in learning concepts,
a strategy different from the particular deep learn-
ing approaches examined here. BPL’s other key
ingredients also make positive contributions, as
shown by higher error rates for BPL lesions
without learning to learn (token-level only) or
compositionality (11.0% errors and 14.0%, respec-
tively). Learning to learn was studied separately
at the type and token level by disrupting the
learned hyperparameters of the generativemodel.
Compositionality was evaluated by comparing
BPL to a matched model that allowed just one
spline-based stroke, resembling earlier analysis-
by-synthesis models for handwritten characters
that were similarly limited (34, 35).
The human capacity for one-shot learning is

more than just classification. It can include a suite
of abilities, such as generating new examples of a
concept. We compared the creative outputs pro-
duced by humans and machines through “visual
Turing tests,”where naive human judges tried to
identify the machine, given paired examples of
human and machine behavior. In our most basic
task, judges compared the drawings from nine
humans asked to produce a new instance of a
concept given one example with nine new ex-
amples drawn by BPL (Fig. 5). We evaluated each
model based on the accuracy of the judges, which
we call their identification (ID) level: Idealmodel
performance is 50% ID level, indicating that they
cannot distinguish the model’s behavior from
humans; worst-case performance is 100%. Each
judge (N = 147) completed 49 trials with blocked
feedback, and judges were analyzed individually
and in aggregate. The results are shown in Fig.
6B (new exemplars). Judges had only a 52% ID
level on average for discriminating human versus
BPL behavior. As a group, this performance was
barely better than chance [t(47) = 2.03, P = 0.048],
and only 3 of 48 judges had an ID level reliably
above chance. Three lesioned models were eval-
uated by different groups of judges in separate
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1 2

1 2

1 2

1 2

1 2

1 2

Human or Machine?

Fig. 5. Generating new exemplars. Humans and machines were given an image of a novel character
(top) and asked to produce new exemplars.The nine-character grids in each pair that were generated by
a machine are (by row) 1, 2; 2, 1; 1, 1.
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semantic features

new perceptually learned features



Unsupervised
“Weakly” supervised 
Semi-supervised Fully supervised

Definition depends on task

Slide credit: L. Lazebnik

Active Learning?



Where do the training examples come from?

• In machine learning applications you want your training examples for estimating y = 
f(x) to represent what you will ultimately be tested on.    Also usually limited by data 
availability/

• Training sets that don’t resemble what the system will be asked to do in engineering 
practice strongly contribute to expected error.

• What should they be for human cognition studies? Representative of the type of 
categories that exist in the world?  How do we assess that?  What is the statistics of 
natural concepts and categories and how can we ensure that these are reflected?  
Also somewhat limited by data availability.



Active Learning

• The basic problem is this: you want to train a machine learning system to assign 
items to a category (for example diagnosing some biological samples as toxic or not). 
However, getting corrective, supervised feedback is expensive (usually involves 
humans)

• How can you choose samples to minimize the amount of feedback you need, while 
still having good categorization accuracy/generalization? In other words, is there a 
way to train on only a subset of the available data in order to optimize learning?

• Classic work on this is Lindley (1956) “On the measure of the information 
provided by an experiment” - Optimal Experiment Design

• David Mackay (1992) provides a Bayesian formulation for active sampling for 
function approximation, interpolation, classification, etc…

• Settles (2010) provides and extensive review

• see Gureckis & Markant (2013, Perspectives in Psych Sci) for a overview



Active Learning

A



Active Learning

A

B



Active Learning

A

B

where should i sample next?
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Active Learning
by Humans or

?
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Rule-basedInformation-Integration

“Adjust the antenna and 
click the mouse button 

to learn the station”

z+

Change size:

x+

Change angle:

Figure1:Top:Categorydistributionsusedintheexperiment.‘X’s
indicatetrainingstimulishowntoparticipantsinthepassive-normal
conditionwithcolorindicatingthegeneratingdistribution(actual
feedbackreceivedbyparticipantswasprobabilistic).Theuniform
gridofpointsoverthestimulusspaceindicatethesetofunlabeled
teststimuli.Bottom:Anexamplestimulus(left)andtheinterface
usedintheactivelearningcondition.

1998).Inparticular,RBcategoriesarethoughttobelearned
byreasoningaboutverbalorexplicithypotheses(whichisthe
defaultlearningmode),whilethestructureofIIcategories
precludesasimpleverbaldescriptionandareinsteadthought
tobelearnedviaimplicitorprocedurallearning.Tothede-
greethateffectivesamplingreliesonexplicitreasoningabout
uncertainty,peoplemayperformbetterintheRBcondition
wherethisuncertaintymaybebetterarticulated.Similarly,
activelearningmaybemoreeffectiveintheRBcasebecause
thecategoryalignswithdefaultbiasespeoplebringtothe
task(Ashbyetal.,1999;Kruschke,1993).

Second,thecomparisonofactivelearnerswiththepassive-
normalgroupallowedustotestifactivelearningcouldleadto
aperformanceadvantageaboveandbeyondthetypicaltrain-
ingprocedureinsuchtasks.Weexpectedthatifactivelearn-
erswereabletomakeusefulqueries,theywouldbefaster
atlearningthecorrectcategorydistinctionthanthepassive-
normalparticipants.Again,ifactivelearnersarelesssuccess-
fulatmakingusefulqueriesintheIItask,anylearningadvan-
tagemaybeattenuated.Moreover,sincesuccessfullearning
intheIItaskmaybecontingentonabandoningrule-based
strategiesinfavorofamoreproceduraltypeoflearning,ac-
tivelearningmightevenleadtoalearningimpairmentbyen-
couragingperseverationinthesearchforasub-optimalrule.

Finally,theinclusionofthepassive-yokedtraininggroup
allowedustoseparatelyevaluatetheimpactofselectingsam-
plesfromthestatisticalinformationcontainedinthosesam-
ples(sincethedistributionoftrainingdataisidenticalforboth
groups).Whilepreviousresearch(incausallearningsettings)

suggeststhatactiveorintervention-drivenlearningmaylead
toadvantagesovercomparableyokedconditions(Lagnado&
Sloman,2004;Sobel&Kushnir,2006;Steyversetal.,2003),
itisunknownhowtheseresultsgeneralizetoothertasks.

AnExperiment
ParticipantsOnehundredeightyundergraduatesatNewYork
Universityparticipatedinthestudy.Theexperimentwasrunon
standardMacintoshcomputersinasingle40minsession.Eachpar-
ticipantwasassignedtoeithertherule-based(RB)orinformation-
integration(II)taskcondition,andtooneofthreetrainingcondi-
tions:active(A),passive-normal(P),orpassive-yoked(PY).

StimuliStimuliweredefinedbyatwo-dimensionalcontinuous-
valuedfeaturespace,whereonedimensioncorrespondedtothe
size(radius)ofacircleandtheseconddimensioncorresponded
totheangleofacentraldiameter(seeexampleinFigure1,bot-
tom).One-hundredandtwenty-eighttrainingstimuliwerecreated
forthepassive-normaltrainingconditionusingbivariatenormaldis-
tributions(seeFigure1,top)withmeanandcovarianceparameters
slightlymodifiedfromAshbyetal.(2002).Teststimuliweredrawn
fromauniformgridofsamplesoverthefeaturespace(depictedby
thegraydotsinFigure1).Thirty-twostimuliwerepresentedineach
testblock,amountingtoatotalof256testtrials.

ProcedureParticipantsweretoldthatthestimuliintheex-
perimentwere“loopantennae”foroldtelevisions,andthateach
antennaereceivedoneoftwochannels(CH1orCH2).The
channelreceivedbyanyantennadependedinsomewayonthe
twodimensionsdescribedabove,andparticipant’sgoalwasto
learnthedifferencebetweenthetwotypesofitems.Thefeedback
associatedwitheachitemduringtrainingwasprobabilisticand
wasproportionaltotherelativelikelihoodofeithercategoryfor
theidealobserverwhoknewthetruecategorydistributions.Par-
ticipantsweregiveninstructionthattheantennasweresometimes
“noisy”andwouldpickupthewrongchannelandthatitwould
bebeneficialtointegrateoveranumberoftrialswhenlearning.
Theexperimentconsistedof8blocks,witheachblockdivided
intoasetof16trainingtrialsfollowedby32(nofeedback)testtrials.

Training–ActiveCondition.Oneachtrainingtrialtheparticipant
“designed”aTVantennaandlearnedaboutitscategorymem-
bership.Eachtrialbeganwiththepresentationofarandomly
generatedstimulusinthecenterofthescreen.Theparticipantcould
thenalteritssizeandorientationbymovingthemousefromleft
torightwhileholdingdowneitherthe‘Z’or‘X’key,respectively
(seeFigure1,bottom).Onlyonedimensioncouldbechangedat
atime,butparticipantscouldmakeanynumberofchangesand
useasmuchtimeasneeded.Whenthestimuluswasthedesired
sizeandorientation,participantspressedthemousebuttonto
revealthecategorylabel,whichappearedabovethestimulusand
wasvisiblefor1500ms.Queryingthecategorylabelwasnotper-
mitteduntiltheparticipanthadmadeachangetotheinitialstimulus.

TrainingTrials–Passive-NormalCondition.Inthepassive-normal
condition,participantswereunabletointeractwiththestimuli
inanymanner1.Instead,ineachtrialtheywerepresentedwith
astimulusgeneratedfromthecategorydistributionsdescribed
above.Oneachtrial,afixationcrosswaspresented,followedby
thestimulus(for250ms),followedbythecategorylabel(above
thestimulusfor1500ms).Whenthecategorylabelwasdisplayed,
theparticipantwasrequiredtopressakeycorrespondingtothat
categoryinordertoendthetrial.Thisprocedureisequivalenttothe
observationallearningconditionusedinAshbyetal.(2002).

Training–Passive-YokedCondition.Thepurposeoftheyoked

1Inthisdesignpassiveparticipantsarenotmatchedtoactivepar-
ticipantsintermsofperceptual-motortaskdemands(e.g.,precisely
adjustingthestimulus).However,pilotdatasuggestedthatequat-
ingthismadelearningmuchmoredifficultforthepassivegroup,
potentiallyplayingintoanyhypothesizedactivelearningadvantage.

adjust

stimulus+la

Markant & Gureckis (2014)
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Self-directed/selection

Block of learning trials

People choose examples 
near category boundaries 
and this can improve rate of 
learning on a held-out set.



What is the decision architecture of 
categorization decisions?

f(x) = label of the training example nearest to x 

• All we need is a distance or similarity function for our input features 
• No training required! 
• Incidentally, similarity is a huge topic in human cognition (see Medin, Goldstone, Gentner, Tversky, etc…)!  

Test 
example

Training 
examples 

from class 1

Training 
examples 

from class 2

Slide credit: L. Lazebnik

e.g., nearest neighbor



• Find a linear function to separate the classes: 

 f(x) = sgn(w ⋅ x + b)
Slide credit: L. Lazebnik

What is the decision architecture of 
categorization decisions? e.g., linear decision

boundary



In the machine learning toolkit many approaches to choose 
from, many are inter-related

• Support Vector Machines (SVM)
• Neural networks
• Naïve Bayes
• Bayesian network
• Non-parametric Bayesian models
• Logistic regression
• Randomized Forests
• Boosted Decision Trees
• K-nearest neighbor
• Restricted Boltzman Machines (RBMs)
• Etc.

Which is the best one?
Does that question even 
make sense?

Slide credit: D. Hoiem



 
Four case studies exploring relationships between machine 
learning approaches to categorization and influential ideas in 
psychology

• Case 1: Decision trees <=> Symbolic Rules/Definitions
• Case 2: Nearest neighbor <=> Exemplar/Prototype models
• Case 3: Mixture models <=> Clustering algorithms
• Case 4: Neural networks <=> Connectionist models of category 

learning

Slide credit: D. Hoiem



Case 1: Decision Tree Induction

• Decision tree learning is one of the most widely used techniques for classification. 
• Discriminative method
• Its classification accuracy is competitive with other methods, and it is very efficient. 
• Assume for now discrete features (e.g., those in a database table)
• The classification model is a tree, called decision tree. 

Slide credit: Bing Liu



Decision Tree Induction

Slide credit: Bing Liu

Decision nodes and leaf nodes (classes) 



Decision Tree Induction

Slide credit: Bing Liu

Decision nodes and leaf nodes (classes) 



Decision Tree Induction

Slide credit: Bing Liu

Decision nodes and leaf nodes (classes) 

Goal is to find simpler, faster tree (NP-hard)



Decision Tree Induction

• Basic algorithm (a greedy divide-and-conquer algorithm)
• Assume attributes are categorical (although continuous attributes can 

be handled too)
• Tree is constructed in a top-down recursive manner
• At start, all the training examples are at the root
• Examples are partitioned recursively based on an an impurity function 

(e.g., information gain)
• Conditions for stopping partitioning

• All examples for a given node belong to the same class
• There are no remaining attributes for further partitioning – majority class 

is the leaf
• There are no examples left

Slide credit: Bing Liu
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Is y = f(x) that people use a rule or decision tree?

• According to the classical view in philosophy of concepts, concepts are like 
definitions


• The defining features of are both necessary and sufficient


•Necessity: If something is a category member, it has the defining 
features


•Sufficiency: If something has the defining features, it is a category 
member


• Defining features: Closed figure, three sides, interior angles sum to 180 
degrees


• Sufficiency: If something is a closed figure, has three sides and angles sum to 
180 degrees it is a triangle


• Necessity: If something is a triangle, it is a closed figure, has three sides, and 
the angles sum to 180 degrees


• Under this view, recognizing something is akin to apply the rule that 
determines the class membership where the rules are hard and fast/brittle.



Is y = f(x) that people use a rule?

• According to the classical view, category learning usually involves hypothesis testing or rule 
discovery:

• A search for the defining features

Hull, 1920 - phd thesis

Studied learning concepts 
defined by simple 
features
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... but, there are empirical problems for the classical view

Rules are one basis for complex forms of generalization

• Hampton (1979): Asked subjects for necessary and sufficient features of 
everyday categories (sofas, cars, dogs, chairs, birds, etc…). There was little 
agreement about what the defining features were.


• McClosky & Glucksberg (1978): Asked subjects to judge category 
membership of several everyday categories.  Borderline cases the flip from 
week to week.

A shelf 76%

A rug 52%

A lampshade 63%

Bookends 57%

Candlestick 28%

• Rosch (1973): Asked people to rate “how 
good” different items are as a example 
of a category (1-7 scale)

Robin 1.4

Eagle 1.8

Wren 2.4

Chicken 2.8

Ostrich 3.2
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Typical features appear in many category members.  # of typical 
features determines the typicality of a category member.

Feature Score 
(a.k.a. “Weight”) 

5 
4 
4 
2 
3 
3 

5+4+4+2+3+3= 
21 

5+4+4+2+3+3= 
21 

5+4+4+3= 
16 

5+4= 
9 

5+4+3= 
12 

Family Resemblance 
Score 
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Rule induction models in cognitive science

• Nosofsky, Palmeri, McKinley (1994): RULEX “Rule-plus-exception model of classification 
learning” http://www.cogs.indiana.edu/nosofsky/pubs/1994_rmn-tjp-scm_pr_rule.pdf


• RULEX starts by trying to form perfect single-dimensional rules with some tolerance, and 
then tries to store exceptions.  If evidence demands increase in complexity considered 
more complex rules (inductive bias towards simpler rules)

http://www.cogs.indiana.edu/nosofsky/pubs/1994_rmn-tjp-scm_pr_rule.pdf
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Rule induction models in cognitive science

• Nosofsky, Palmeri, McKinley (1994): RULEX “Rule-plus-exception model of classification 
learning” http://www.cogs.indiana.edu/nosofsky/pubs/1994_rmn-tjp-scm_pr_rule.pdf


• RULEX starts by trying to form perfect single-dimensional rules with some tolerance, and 
then tries to store exceptions.  If evidence demands increase in complexity considered 
more complex rules (inductive bias towards simpler rules)

“training data with labels” “held-out test data”

• Probabilistic predictions come from 
averaging across many runs of the rule 
induction algorithm when some decisions 
to change rules, etc… is made 
probabilistically

http://www.cogs.indiana.edu/nosofsky/pubs/1994_rmn-tjp-scm_pr_rule.pdf
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Bayesian rule induction methods

€ 

P(h | d) =
P(d | h)P(h)
P(d | " h )P( " h )

" h 
∑

Posterior 
probability 

Likelihood Prior 
probability 

Sum over space  
of  hypotheses 

h: hypothesis 
d: data 
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Bayesian rule induction methods

• Goodman, Griffiths, Feldman, Tenenbaum (2007/2008) “A rational analysis of rule-based 
concept learning”


• The rational rules model assumes a hypothesis space of rules and uses Bayes rules to 
infer from training examples which set of rules are likely descriptions of the data set.

• F is the space of rules,


• E is the set of examples


• l(E) is the labels for the example

More on this in next lecture!



Case 2: Nearest Neighbor Methods (instance based learning)

Voronoi partitioning of feature space  
for two-category 2D and 3D data

from Duda et al.

Source: D. Lowe

Test 
example

Training 
examples 

from class 1

Training 
examples 

from class 2
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Case 2: Nearest Neighbor Methods (instance based learning)
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Case 2: Nearest Neighbor Methods (instance based learning) - 1 nearest



Case 2: Nearest Neighbor Methods (instance based learning) - 3 nearest

x x

x
x

x

x

x

x
o

o
o

o

o

o

o

x2

x1

+

+

• Take the majority vote



58

Is y = f(x) that people used based on instances?

Bird? Birds  
You’ve Seen 
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Is y = f(x) that people used based on instances?

Weight

Roaches

Ants

Robin

Eagle

Chicken

Firefly

Mosquitoes

Caterpillars

Penguin Ostrich

Sparrow
Bluebird

Hummingbird

Amount of  
Singing
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Caterpillars 

Roaches 
Firefly 

Mosquitoes 

Ants 

Penguin 

Robin 

Eagle 

Ostrich 

Sparrow 

Chicken 

Bluebird 

Hummingbird 

X? 

Weight 

Amount of  
Singing 

X is a bird because it is 
similar to many other birds. 
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Caterpillars 

Roaches 
Firefly 

Mosquitoes 

Ants 

Penguin 

Eagle 

Ostrich 

Chicken 

Bluebird 

Hummingbird 

Y? 

Robin 
Sparrow 

Weight 

Amount of  
Singing 

Y is an insect because it is 
similar to many other insects. 
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Roaches 
Firefly 

Mosquitoes 

Ants 
Caterpillars 

Penguin 

Robin 

Eagle 

Ostrich 

Sparrow 

Chicken 

Bluebird 

Hummingbird 

A 

Weight 

Amount of  
Singing 

A is equally close to all 
birds and all insects 
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Roaches 
Firefly 

Mosquitoes 

Ants 
Caterpillars 

Penguin 

Robin 

Eagle 

Ostrich 

Sparrow 

Chicken 

Bluebird 

Hummingbird 

Weight 

Amount of  
Singing 

Ostriches are not close to 
most other birds. 
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• How is similarity to the stored examples computed?

• Medin & Schaffer (1978) proposed the context model of classification

•A model of similarity for binary dimensions

•A simple model of evidence accrual

•A simple model of decision making

•Each dimension has an associated importance or weight

•An s parameter (0-1) which controls importance

•When comparing two items, compute a match score, m, on each dimension

•m_i = 1 if values on dimension i match

•m_i = s_i i values on that dimension mismatch

•Overall similarity is is the product of the m values

Similarity and Exemplar Models
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Similarity and Exemplar Models
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• Similarity of item S_i to a category C_j is the sum of its similarities to the 
category’s exemplars


• sim(Cj , Si) =
X

k

sim(Sk, Si)

• The probability of classifying S_i as a C_j is the ratio of its evidence 
relative to other categories


• p(Cj |Si) =
sum(Cj , Si)P
k sim(Ck, Si)

Evidence accrual 

Decision making
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• The generalized context model (GCM)

•Application of the context model to continuous dimensions.

•Unification of Luce’s work on choice behavior and Shepard’s work 
on stimulus generalization

• Similarity is a function of the distance between two objects in 
psychological space (Shepard!!).

The Generalized Context Model
Nosofsky (1984; 1986)

dij = (
KX

k=1

|xik � xjk|r)1/rdij = c(
NX

k=1

wk|xik � xjk|r)1/r
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• Actual similarity of two objects is a function of their distance:

The Generalized Context Model
Nosofsky (1984; 1986)

�ij = e�dij �ij = e�d2
ij

Exponential Gaussian

p(Rj |Si) =
bj

P
j2Cj

nijPm
k=1(bk

P
j2Ck

nik)

• Response rule
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The Generalized Context Model
Nosofsky (1984; 1986)

Roaches 
Firefly 

Mosquitoes 

Ants 
Caterpillars 

Penguin 

Robin 

Eagle 

Ostrich 

Sparrow 

Chicken 

Bluebird 

Hummingbird 

Weight 

Amount of  
Singing 
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The Generalized Context Model
Nosofsky (1984; 1986)

The c parameter in the model matches 
the exponential generalization gradient 
in Shepard’s work
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• According to prototype theory, the mental representation of a category 
consists of a prototype or central tendency of the examples


• Learning is about abstracting this schema or prototype across all the 
examples you have see so far.

Prototype Theory

Prototypical 
Bird 

Birds  
You’ve Seen 
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• According to prototype theory, the mental representation of a category 
consists of a prototype or central tendency of the examples


• Learning is about abstracting this schema or prototype across all the 
examples you have see so far.

Prototype Theory

Bird? Prototypical 
Bird 
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Weight

Roaches

Ants

Robin

Eagle

Chicken

Firefly

Mosquitoes

Caterpillars

Penguin Ostrich

Sparrow
Bluebird

Hummingbird

Amount of  
Singing

Insect

Bird

Two key effects: prototype enhancement and 
borderline cases/graded structure
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Bird

Insect

X?

Y?

Weight

Amount of  
Singing • X is a bird. 

– Because it closer to the 
bird prototype than to the 
insect prototype.  

• Y is an insect. 
– Because it closer to the 

insect prototype than to 
the bird prototype.

Two key effects: prototype enhancement and 
borderline cases/graded structure
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Bird

Insect Roaches
Firefly

Mosquitoes

Ants
Caterpillars

Penguin

Robin

Eagle

Ostrich

Sparrow

Chicken

Bluebird

Hummingbird

Weight

Amount of  
Singing

Penguins and ostriches are 
atypical because they are farther 
away from the bird prototype than 
robins and sparrows. 

Two key effects: prototype enhancement and 
borderline cases/graded structure
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Roaches 
Firefly 

Mosquitoes 

Ants 
Caterpillars 

Penguin 

Robin 

Eagle 

Ostrich 

Sparrow 

Chicken 

Bluebird 

Hummingbird 

Weight 

Amount of  
Singing 

Prototype is very similar to 
many birds. 

Prototype 

However, prototype effects can be explained in terms of exemplar models too!
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  Classical  Prototype  Exemplar 
Empirical Effect  View  Model  Model 

No defining features   √  √ 
Borderline cases   √  √ 
Graded typicality   √  √ 
 Prototype effect   √  √ 

Exemplar effects    √ 



The Exemplar and Prototype Debate

• Exemplar and Prototype Models are titans in the field of cognitive psychology.

• These model are important beyond just the categorization literature because the 
issues of memory representation and stimulus generalization come up in many 
areas

• “Prototypical” or “Average” faces are rated as more attractive (Langlois & 
Roggman, 1990)

• The E and P models share deep similarities to Bayesian template-
matching models in visual perception (Gold, Cohen, Shiffrin, 2006)

• In Memory literature: MINERVA (Hintzman, 1988)

• Speech Perception: Fuzzy Logic Model is a “prototype”-like model 
(Massaro, 1989);  The prototype-magent effect (Kuhl, 1991), “Rich 
Phonology” (Port, 2007) 

• However, is this really all there is?
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Case 3: Mixture models

• Problem: You have data that you believe is drawn from N populations
• You want to identify parameters for each population
• You don’t know anything about the population a-priori (except maybe Gaussian)
• Fit a set of K Gaussians to the data, compute maximum likelihood over a mixture
• Our first generative algorithm because the inferred distribution explicitly models covariance 

structure of features
• Can be accomplished in an unsupervised fashion to pick out clusters which “hang together”



Case 3: Mixture models

• Formally, a mixture model is weighted sum of pdfs where weights are 
determined by a distribution, ⇡

p(x) = ⇡0f0(x) + ⇡1f1(x) + ⇡2f2(x) + . . . + ⇡kfk(x)

where
kX

i=0

⇡i = 1

p(x) =
kX

i=0

⇡ifi(x)



Case 3: Mixture models

• Gaussian Mixture Model: Special case where each mixture component is a 
gaussian.

where
kX

i=0

⇡i = 1

p(x) = ⇡0N(x|µ0,⌃0) + ⇡1N(x|µ1,⌃1) + . . . + ⇡kN(x|µk,⌃k)

p(x) =
kX

i=0

⇡iN(x|µk,⌃k)

• Typical inference strategy is the Expectation Maximization algorithm:
• Step 1: Expectation (E-step)

• Evaluate the “responsibilities of each cluster with current parameters
• Step 2: Maximization (M-step)

• Re-estimate parameters using the existing “responsibilities”
• Related to k-means clustering



Case 3: Mixture models

• Gaussian Mixture Model: Special case where each mixture component is a 
gaussian.

where
kX

i=0

⇡i = 1

p(x) = ⇡0N(x|µ0,⌃0) + ⇡1N(x|µ1,⌃1) + . . . + ⇡kN(x|µk,⌃k)

p(x) =
kX

i=0

⇡iN(x|µk,⌃k)

Example:



Case 3: Mixture models

• Issues include… 
• What is the right number of components? (in standard GMM, k is chosen by hand)
• Singularities when a single data point goes into a component, the inferred variance 

on this point goes to zero, and as a result the likelihood approaches infinity (this 
cluster dominates)

• One solution is non-parametric models (let the number of mixture 
components be determined by the data).

• In this case we assume there is actually an infinite number of latent cluster 
but assume only a few of them are actually used to generate the data e.g., 
Chinese Restaurant Process (Aldous, 1985; Pitman, 2002)



Case 4: Neural Network Models
• Multi-layer perceptron

• One input layer (e.g., stimulus features)
• One or more hidden laters
• Out output later roughly coding the category labels
• Training is based on the Backpropagation Algorithm to mimimize prediction error over training set
• Hidden layer includes differentiable nonlinearities (e.g., sigmoid function)

• Discriminative method
• Supervised method
• Extremely flexible with additional layer, very complex boundaries can be represented
• When combined with convolutional layer, state of the art on image classification (more on this next week!)
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Is y = f(x) that people used based on neural networks?

• Kruschke (1993) found that filtration type 
categorization tasks are easier than 
condensation tasks for humans

• However, the are predicted to be equally difficult 
for a vanilla multi-layer backprop network 
(simply a rotation of the space)

• What is going on?  Influence of selective 
attention.



86

Is y = f(x) that people used based on neural networks?

• Kruschke (1992) ALCOVE model unifies backdrop networks with 
exemplar models and includes a selective attention mechanism.

• Layer of hidden units represents exemplars in the task. 
• Learned association weight from the exemplar node to 

categorization labels are adjusted using backprop
• The activation function for the hidden/exemplar nodes is not the 

standard sum+non-linearity but is a exponential kernel reflecting 
previous work in psychology on stimulus generalization (e.g., 
Shepard)

• Attentional weights on the input as also adjusted using the 
backprop gradient to reduce network error (learns to give more 
weight to some features than others).
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Is y = f(x) that people used based on neural networks?

• Model can successfully predict the learning curves for different 
problem types for humans from the Shepard, Hovland, Jenkins 
(1964) problems



ATRIUM (Ericsson & Kruschke, 1999)
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• Hybrid approaches that combined rule modules and exemplar 
based mechanisms under a single gradient-based objective.

• Can help to explain interesting patterns of extrapolation outside 
of the training set.

ALCOVE ATRIUM

Humans
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• classification is a central problem in machine 
learning (what category does this image show?  
what topic does this document best fit?)


• many important algorithms developed for this 
problems (e.g., decision trees, support vector 
machines, bayes classifiers, deep neural 
networks, hidden markov models, etc…)


• what algorithms best characterize how people 
learn to categorize?


• theories developed to account for this ability 
share much in common with classic machine 
learning approaches and even empirical 
approaches are similar.

categorization: where human and machine learning meet
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• how are people so efficient at learning 
categories (e.g., we learn a lot from a single 
example)


• now that classification algorithms in machine 
learning are being applied at a larger scale (e.g., 
millions of images rather than 100s of training 
examples from the 1990s) what new insights can 
we get from this work for human psychology?


open questions


